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We suggest the phenomenological model of emergence of the dynamic aether as a result of decay of
the SU(N) symmetric field configuration containing the multiplet of vector fields. The scenario of the
transition to the dynamic aether, which is characterized by one unit timelike vector field associated
with the aether velocity, is based on the idea of spontaneous color polarization analogous to the
spontaneous electric polarization in ferroelectric materials. The mechanism of spontaneous color
polarization is described in the framework of anisotropic cosmological model of the Bianchi-I type;
it involves into consideration the idea of critical behavior of the eigenvalues of the tensor of color
polarization in the course of the Universe accelerated expansion. The interim stage of transition
from the color aether to the canonic dynamic aether takes the finite period of time, the duration of
which is predetermined by the phenomenologically introduced critical value of the expansion scalar.
I. INTRODUCTION
The term dynamic aether was introduced in
the framework of the Einstein-aether theory [1–
10], which belongs to the vector-tensor branch
of the science entitled Modified Theories of
Gravity (see, e.g., [11, 12]). The theory of the
dynamic aether operates with a timelike unit
dynamic vector field U i, which can be inter-
preted as the velocity four-vector of the cosmic
substratum indicated as the aether. The inter-
pretation of the vector field U i as the aether ve-
locity four-vector revives inevitably the discus-
sions concerning the idea of a preferred frame of
reference [13–15], and the taboo associated with
the Lorentz invariance violation [16–18]. One
can interpret the appearance of the unit vec-
tor field U i using another idea: if there exists a
timelike vector field U i as a source of the gravity
field, one can introduce the scalar field as the
modulus of this vector field, U = √gmnUmUn,
and the normalized unit four-vector V i ≡ UiU .
Thus, we deal with a version of the scalar-
vector-tensor theory of gravity, based on the
interacting trio
{U , V j , gik}.
In the paper [19] we proposed an idea of the
color aether, which is based on the introduc-
tion of the SU(N) symmetric multiplet of vector
fields U i(a). The subscript (a) denotes the group
index in the adjoint representation of the SU(N)
group and this Latin index runs over the val-
ues
{
(1), (2), ..(N2 − 1)}. If all the vectors U i(a)
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from this multiplet become parallel, i.e., when
U i(a) = q(a)U
i, and if U i is the unit timelike
vector field, we happen to be faced with the
version of the dynamic aether, supplemented
by the SU(N) symmetric multiplet of scalar
fields {q(a)}. Clearly, q(a) are the scalars from
the point of view of spacetime transformations,
but the corresponding object with upper index,
q(a) = G(a)(b)q(b), can be considered as vectors
in the N2−1 dimensional group space with the
metric G(a)(b) (color vectors, for short). When
we deal with the SU(N) symmetric multiplet of
vector fields, we have to use the self-consistent
formalism, which includes the Yang-Mills gauge
fields with the potentials A
(a)
k , the gauge co-
variant derivative D
(a)
m , etc. This full-format
SU(N) symmetric formalism is elaborated and
presented in the work [19] as the extension
of the U(1) symmetric formalism discussed in
[20–22] in the framework of Einstein-Maxwell-
aether theory.
In order to establish the phenomenological
model of the transition from the color aether to
the dynamic aether, we exploit the known anal-
ogy with the spontaneous polarization in the
ferroelectric materials [23, 24]; the term spon-
taneous means that the electric polarization is
induced by variations of temperature or pres-
sure, not by the external electric field. We keep
in mind three principal details appeared in both
models. The first detail is connected with the
character of evolution. In the theory of ferro-
electricity one can associate the evolution with
the temperature decrease: high temperature re-
lates to the symmetric phase without polariza-
tion, low temperature corresponds to the polar-
2ized dissymmetric phase. When we consider the
evolution of the color system in the expanding
Universe, the effective temperature is also drop-
ping providing the transition from the symmet-
ric phase to the dissymmetric one. The second
detail is connected with the Curie temperature
TC : below this critical value, T < TC , the spon-
taneous electric polarization appears, and thus,
TC indicates the temperature of the ferroelec-
tric phase transition. Similarly, we can intro-
duce the critical value of the expansion scalar
Θ∗, which relates to the cosmological phase
transition taking place at the cosmological time
t∗. The third formal accordance is based on
the analogy between electric domain structure
in ferroelectric (chaotic in the symmetric phase,
and aligned in the dissymmetric one) and the
anisotropy of the group space associated with
the color vector fields (multi-axial structure in
the symmetric phase, and uni-axial in the dis-
symmetric one). In other words, we assume
that in the early Universe the phase transition
took place, which transformed the SU(N) sym-
metric multiplet of vector fields to the bundle
of vectors, which happen to be parallel in the
group space. Below we describe the mathemat-
ical details of the phenomenological model of
the spontaneous color polarization.
This paper is organized as follows. In Section
II we recall the basic elements of the SU(N)
symmetric field formalism and the correspond-
ing master equations. In Section III we dis-
cuss the possible mechanism of transformation
of the color aether, equipped by the SU(N) sym-
metric multiplet of the vector fields
{
U i(a)
}
, to
the canonic dynamic aether, which possesses
one unit vector field U i. Section IV contains
the discussion and conclusion.
II. THE FORMALISM
A. Basic elements of the theory
We follow the book [25] and use the Hermi-
tian traceless generators of the SU(N) group,
t(a), which satisfy the commutation relations
[
t(a), t(b)
]
= if
(c)
(a)(b)t(c) , (1)
where f
(c)
(a)(b) are the structure constants of the
SU(N) gauge group. The scalar product of the
generators t(a) and t(b) introduces the metric
in the group space, G(a)(b):
G(a)(b) =
(
t(a), t(b)
) ≡ 2Tr t(a)t(b) . (2)
The structure constants satisfy the Jacobi iden-
tity
f
(a)
(b)(c)f
(c)
(e)(h)+f
(a)
(e)(c)f
(c)
(h)(b)+f
(a)
(h)(c)f
(c)
(b)(e)=0.
(3)
The quantities
f(c)(a)(b) ≡ G(c)(d)f (d)(a)(b) =
= −2iTr [t(a), t(b)] t(c) (4)
are antisymmetric with respect to transposition
of any two indices. The special (canonic) basis
t(a) provides the relations
1
N
f
(d)
(a)(c)f
(c)
(d)(b) = δ(a)(b) = G(a)(b) . (5)
The Yang-Mills field potential Am and the
Yang-Mills field strength Fik are defined as fol-
lows:
Am = −iGt(a)A(a)m , Fmn = −iGt(a)F (a)mn ,
(6)
where G is the coupling constant, and the mul-
tiplets of real fields A
(a)
i and F
(a)
ik are connected
as follows:
F (a)mn = ∇mA(a)n −∇nA(a)m + Gf (a)(b)(c)A(b)m A(c)n .
(7)
Here and below ∇m is a covariant derivative.
The tensors F ik(a) has its dual elements
∗F ik(a) =
1
2
ǫiklsFls(a) , (8)
with universal Levi-Civita tensor ǫikls. The
multiplet of vector fields U
(a)
m appears as the
decomposition of the Hermitian quantity
Um = t(a)U
(a)
m . (9)
Our additional ansatz is that the vector fields
satisfy the condition
G(a)(b)U
(a)
m U
(b)
n g
mn = 1 . (10)
This is the direct generalization of the normal-
ization condition gmnUmUn = 1 in the canonic
Einstein-aether theory. The extended (gauge
covariant) derivative Dˆm is defined as follows:
DˆmQ
(a)···
···(d) ≡ ∇mQ
(a)···
···(d) + Gf
(a)
·(b)(c)A
(b)
m Q
(c)···
···(d)−
3−Gf (c)·(b)(d)A(b)m Q
(a)···
···(c) + ... , (11)
where Q
(a)···
···(d) is arbitrary tensor in the group
space (see, e.g., [26]). For the vector fields this
formula gives
DˆmU
(a)
n ≡ ∇mU (a)n + Gf (a)(b)(c)A(b)m U (c)n . (12)
The metric G(a)(b) and the structure constants
f
(d)
(a)(c) are the gauge covariant constant tensors
in the group space:
DˆmG(a)(b) = 0 , Dˆmf
(a)
(b)(c) = 0 . (13)
The dual tensor ∗F ik(a), due to the definitions (8)
and (7), satisfies the relations
Dˆk
∗F ik(a) = 0 . (14)
Finally, we introduce the multiplet of scalar
fields Ω(a), which forms the color vector
Ω(a) ≡ DˆmU (a)m =
= ∇mU (a)m + Gf (a)(b)(c)A(b)m U (c)m , (15)
and the scalar Ω based on the relationship
Ω2 = Ω(a)Ω(a) . (16)
In the Abelian model of the aether with U(1)
symmetry the scalar Ω coincides with the ex-
pansion scalar Θ ≡ ∇mUm.
B. Action functional and master equations
We use the action functional, which describes
interaction of gauge, vector and gravitational
fields
S=
∫
d4x
√−g
{
1
2κ
[
R+2Λ+λ
(
Um(a)U
(a)
m −1
)
+
+Kijmn(a)(b)DˆiU (a)m DˆjU (b)n
]
+
1
4
F (a)mnF
mn
(a)
}
. (17)
The full-format version of the constitutive ten-
sor Kijmn(a)(b) is presented in the paper [19]; that
version contains 75 coupling constants. Here,
based on the direct analogy with the canonic
Einstein-aether theory, we postulate the con-
stitutive tensor to contain only four coupling
constants:
Kijmn(a)(b) = C4U i(a)U j(b)gmn+
+G(a)(b)
[
C1g
ijgmn+C2g
imgjn+C3g
ingjm
]
.
(18)
Clearly, for the U(1) - symmetric theory the
group indices disappear, and this constitutive
tensor coincides with the Jacobson’s one [1].
1. Master equations for the gauge fields
Master equations appear as a result of vari-
ation of the action functional (17) with respect
to four quantities: the Lagrange multiplier λ,
the vector fields U j(a), the gauge potential four-
vector A
(b)
i , and space-time metric g
pq. The
variation with respect to λ gives the normaliza-
tion condition (10). Variation with respect to
A
(a)
i gives the extended Yang-Mills equations
DˆkF
ik
(a) = Γ
i
(a) , (19)
where the color current Γi(a) is given by the for-
mula
Γi(a) =
G
κ
f
(d)
(c)(a)U
(c)
k Kimkn(d)(b)DˆmU (b)n . (20)
This quantity appears, when we fulfil the vari-
ation of the second term in the right-hand side
of (12) with respect to A
(d)
i . From the physical
point of view, the color current Γi(a) is induced
by the interaction between the color vector field
and non-Abelian gauge field; clearly, it disap-
pears in the U(1) case, since the structure con-
stants are equal to zero in that model.
2. Master equations for the vector fields Uk(a)
The variation with respect to U j(a) yields the
standard balance equation
DˆiJ ij(a) = λ U j(a) + Ij(a) , (21)
where the color objects J ij(a) and Ij(a) are intro-
duced in analogy with the canonic aether the-
ory [1]:
J ij(a) = Kimjn(a)(b)DˆmU (b)n =
= C1Dˆ
iU j(a) + C2g
ijDˆmU
m
(a) + C3Dˆ
jU i(a)+
+ C4U
i
(a)U
m
(b)DˆmU
j(b) , (22)
4Ij(a) = C4DˆjUm(a)Un(b)DˆnUm(b) . (23)
Finally, the Lagrange multiplier can be found
as
λ = U
(a)
j
[
DˆiJ ij(a) − Ij(a)
]
, (24)
i.e., the set (21) contains 4N2−5 independent
equations for the vector fields Uk(a) (instead of
3 ones in the U(1) model).
3. Master equations for the gravitational field
The gravitational field is described by the set
of equations
Rpq−1
2
Rgpq = Λgpq+λU
(a)
p U(a)q+Tpq+T
(YM)
pq .
(25)
The stress-energy tensor of the color vector
fields Tpq is of the following form:
Tpq =
1
2
gpqKijmn(a)(b)DˆiU (a)m DˆjU (b)n +
+C1
[
DˆmU
(a)
p Dˆ
mUq(a) − DˆpUm(a)DˆqUm(a)
]
+
+C4U
m
(a)DˆmU
(a)
p U
n
(b)DˆnU
(b)
q +
+G(a)(b)Dˆ
m
[
U
(b)
(p J
(a)
q)m−J
(a)
m(pU
(b)
q) −J
(a)
(pq)U
(b)
m
]
.
(26)
Here the parentheses (pq) denote the sym-
metrization with respect to the coordinate in-
dices p and q. The symbol T
(YM)
pq relates to the
stress-energy tensor of the Yang-Mills field
T (YM)pq =
1
4
gpqF
(a)
mnF
mn
(a) −F (a)pmF(a)qngmn . (27)
Thus, the total set of master equations is com-
posed by (25), (21), (19), and (14).
C. The tensor of color polarization
Based on the multiplet of the color fields U
(a)
k
we introduce an auxiliary quantity
H(a)(b) ≡ gpqU (a)p U (b)q . (28)
It presents a set of scalar functions from the
point of view of spacetime transformations, and
is a symmetric real tensor in the group space.
The quantity H(a)(b) can be indicated as the
tensor of color polarization, the N2 − 1 di-
mensional analog of the two-dimensional polar-
ization tensor in optics (see, e.g., [27]). The
components of this tensor depend on time and
spatial coordinates. If we work with the ma-
trix H
(a)
(b) ≡ G(c)(b)H(a)(c) as with the algebraic
quantity calculated in the fixed point of the
spacetime, we can find N2−1 eigenvalues, σ{α},
and the corresponding N2−1 eigenvectors q(a){α}
(the subscript {α} indicates the serial number
of the eigenvalue):
H
(a)
(b) q
(b)
{α} = σ{α}q
(a)
{α} . (29)
Since the trace H
(a)
(a) is equal to one due to the
relationship
H
(a)
(a) = G(a)(b)g
mnU (a)m U
(b)
n = 1 , (30)
the sum of eigenvalues is equal to one,
N2−1∑
α=1
σ{α} = 1 . (31)
One can decompose the tensor H(a)(b) into the
series of products of eigenvectors:
H(a)(b) =
N2−1∑
α=1
σ{α}q
(a)
{α}q
(b)
{α} . (32)
There are two physically motivated limiting
cases associated with the tensor of color polar-
ization.
1. When all the eigenvalues are equal to one
another, and thus σ{α} = σ = 1/(N
2 − 1), we
deal with the color analog of the so-called nat-
ural light [27].
2. When all the eigenvalues, except one, are
equal to zero, we deal with the color analog of
the linearly polarized light; in this case only
one eigenvalue is non-vanishing, say, σ{1}, and
it is equal to one. We obtain now H(a)(b) =
q
(a)
{1}q
(b)
{1}, where q
(a)
{1} is the corresponding eigen-
vector; the determinant of the matrix of this
color tensor is equal to zero, the matrix is de-
generated, and thus, the equality detH(a)(b)=0
can be considered as a criterion for recognition
of the color polarization.
The crucial point of the presented model is
the spontaneous process, which transforms the
multiplet of color vector fields U i(a) into the
5bundle of vectors q(a)U
i, which are parallel in
the group space. We can monitor this process
using the behavior of the eigenvalues σ{α} of
the matrix of color polarization H(a)(b). Our
ansatz is that N2−2 eigenvalues have the step-
wise form
σ{α} = η
[
Ω∗{α} − Ω
]
σ0{α}
[
Ω∗{α} − Ω
]µ
. (33)
Here η[z] is the Heaviside function equal to
zero, when the argument z is negative. The
quantities Ω∗{α}, where {α} = 2, 3...N2 − 1, are
the critical values of the scalar Ω introduced
in (16), (15). These critical values can coin-
cide or be different. The quantity σ0{α} is a
constant, and the parameter µ plays the role
of critical index; we assume that µ > 1 pro-
viding the function σ{α} and its derivative to
be equal to zero at the critical moment. This
stepwise representation means that there are
critical moments of time t∗{α}, or equivalently,
critical values of the scalar Ω, for which N2−2
eigenvalues vanish and only one of them hap-
pens to be equal to one, since the total sum has
to be unit. It may be a cascade of the eigen-
value disappearances (with many different crit-
ical times), or synchronized process (with only
one critical time t∗), however, the final of this
process can be characterized by the degener-
ated matrix H(a)(b) with the rank equal to one.
Thus, when Ω > max
{
Ω∗{α}
}
, the color vec-
tor q(a) appears, which forms the polarization
tensor H(a)(b) = q(a)q(b) according to the de-
composition (32). Evolution of the color vector
q(a) is described in the next Section.
III. PHENOMENOLOGY OF THE
SPONTANEOUS COLOR
POLARIZATION
A. Basic ansatz and scheme of analysis
1. On the Universe evolution scenario
We consider the toy model of the Universe ex-
pansion with three epochs, which we indicate as
symmetric, interim transition, and dissymmet-
ric, respectively, keeping in mind the analogy
with the theory of ferroelectricity.
a) The evolution of the Universe during the
symmetric epoch is considered to be predeter-
mined by the coupling of the multiplet of vector
fields U i(a), non-Abelian Yang-Mills field with
the potentials A
(a)
k , and the gravitational field.
b) The scenario of the transition stage in-
cludes three processes: first, the Yang-Mills
field becomes Abelian, A
(a)
i → Q(a)Ai, decou-
ples from the interaction with the color vector
fields and degrades Ai → 0; second, the proce-
dure of color polarization reduces the color mul-
tiplet U i(a) to one time-like unit vector U
i
(a) →
q(a)U
i; third, the color vector q(a) precesses and
lines up along the constant color vector Q(a).
c) The dissymmetric epoch is assumed to be
characterized by unit vector field U i, associated
with the canonic aether velocity four-vector.
We focus below on the description of the
transition stage only. The anisotropic spatially
homogeneous Bianchi-I model is considered to
be the spacetime platform for three indicated
cosmological epochs. We monitor the state of
the Universe using the color polarization tensor
H(a)(b)(t) as a function of cosmological time.
In the symmetric epoch the rank of the ma-
trix H(a)(b) is assumed to be equal to N2−1,
and the determinant H = detH(a)(b) to be non-
vanishing. In the dissymmetric epoch the corre-
sponding rank is equal to one, the determinant
is equal to zero. We assume that during the
transition epoch N2−2 eigenvalues of the color
polarization tensor (from the total N2−1 ones)
take zero values.
2. On the parallel fields in the group space
We assume that the mechanism of the color
polarization can be adequately described in
terms of fields ”parallel” in the group space.
This term appeared in the Yang-Mills theory
[28–30], and describes the quasi-Abelian gauge
field configuration, for which A
(a)
i =Q
(a)Ai
with constants Q(a) satisfying the condition
Q(a)Q(a)=1. For such potentials all the nonlin-
ear terms in (7) and in the Yang-Mills equations
disappear, thus simplifying the model equa-
tions. Now we apply this ansatz to the vector
field assuming that it converts into the product
U i(a) = q(a)U
i , (34)
but generally the color vector q(a) is not con-
stant and does not coincide with the quantity
Q(a). The gauge covariant derivative can be
now transformed into
DˆmU
(a)
n = q
(a)∇mUn + Un∇mq(a)+
6+ Gf (a)(b)(c)Q(b)q(c)AmUn . (35)
Clearly, when q(a)=Q(a), the potential four-
vector Ai drops out from the derivative
DˆmU
(a)
n , since the structure constant are an-
tisymmetric. Keeping in mind the relationship
(10) and assuming that the four-vector U i is
unit and time-like
gikU
iUk = 1 , (36)
we obtain that the vector q(a) in the group
space is also unit
G(a)(b)q
(a)q(b) = 1 . (37)
Clearly, the gauge-covariant derivative Dˆmq
(a)
is orthogonal to the color vector q(a), i.e.,
0 =
1
2
Dˆm[q
(a)q(a)] = q(a)Dˆmq
(a) =
=q(a)
[
∇mq(a)+Gf (a)(b)(c)AmQ(b)q(c)
]
=
= q(a)∇mq(a) = 0. (38)
The tensor of color polarization H(a)(b) takes
now the form
H(a)(b) = q(a)q(b) . (39)
Clearly, the rank of the matrix H
(a)
(b) is equal to
one, and the determinant is equal to zero. The
color vector q(a) is an eigenvector of H
(a)
(b) with
the unit eigenvalue:
H
(a)
(b) q
(b) = q(a) . (40)
In other words, the mechanism of paralleliza-
tion in the group space applied to the color
vectors U i(a) gives the result analogous to the
polarization of light in optics. Indeed, one can
say that a special direction in the group space
appears, which is associated with the color vec-
tor q(a), along which all the color vectors U i(a)
are lined up. Generally, q(a)(t) precesses in the
group space, but when the color vector q(a) be-
comes constant, one can transform the matrix
H(a)(b) into diag{1, 0, 0...0} for arbitrary time
moment, using the admissible rotation in the
group space. Description of the evolution of
the color vector q(a)(t) is the crucial point of
our analysis.
3. On the spacetime platform
For the illustration of the suggested idea, we
consider the class of homogeneous spacetimes
with the metric
ds2 = dt2−a2(t)dx2−b2(t)dy2−c2(t)dz2 . (41)
Generally, this metric describes the Bianchi-
I model. When a(t)=b(t)=c(t) we obtain the
Friedmann type model. We assume that all
the unknown model state functions inherit the
spacetime symmetry and depend on the cosmo-
logical time only.
The global unit timelike vector U i is assumed
to be of the form U i = δit; below we show that
the model admits this construction. The met-
ric (41) provides the covariant derivative to be
symmetric, the acceleration four-vector ai to
vanish, and the scalar of expansion Θ to have
very simple form
∇mUn = ∇nUm = 1
2
g˙mn , ai ≡ Uk∇kUi = 0 ,
Θ(t) ≡ ∇kUk = a˙
a
+
b˙
b
+
c˙
c
. (42)
Here and below the dot denotes the ordinary
derivative with respect to time. In addition,
we use two differential consequences of the
normalization conditions: Uk∇iUk = 0, and
q(c)U
k∇kq(c) = 0. The listed assumptions sim-
plify the model essentially, and we start to dis-
cuss its details.
B. Reduced master equations
1. The Yang-Mills field in the transition epoch
As we already noticed, we assume that the
first manifestation of the phase transition in the
model under discussion is connected with the
parallelization of the Yang-Mills potentials, i.e.,
A
(a)
i → Q(a)Ai, where Q(a) is a constant vector
in the group space; the second manifestation
is the parallelization of the color vector fields
U
(a)
i → q(a)Ui. For such fields, parallel in the
group space, the strength of the Yang-Mills field
(7) has the quasi-Maxwellian form
F (a)mn = Q
(a)[∇mAn −∇nAm] . (43)
Based on the Bianchi-I spacetime platform and
taking into account the antisymmetric proper-
ties of the structure constants, we find the color
7current Γi(a) produced by the color vector fields:
Γi(a) =
G
κ
(C1+C2+C3)U
if(d)(c)(a)q
(c)×
×
[
q˙(d) − Gf(d)(b)(h)Q(b)q(h)UmAm
]
−
−G
2
κ
C1A
k∆ikf
(d)
(c)(a)q
(c)f(d)(b)(h)Q
(b)q(h). (44)
Here ∆ik ≡
(
δik − U iUk
)
is the projector.
Clearly, as long as, the color current is not van-
ishing, Γi(a) 6= 0, or is not linear in the po-
tential Ai, the Yang-Mills equations (19) do
not admit the trivial solutions Ai = 0. In
principle, this color current disappears, when
q(a) = Q(a) = const; we consider this state as
the final one. When q(a) depends on time and
thus q˙(a) 6= 0, one can obtain the trivial solu-
tion Ai = 0, if to use the special condition for
the Jacobson’s coupling constants
C1 + C2 + C3 = 0 , (45)
which was motivated, e.g., in [31]. For this case
the color current is proportional to the poten-
tial Ak, and the trivial exact solution Ai = 0
exists. This means that the system can choose
this trivial solution for the Yang-Mills field in
the bifurcation associated with the end of the
first phase transition. Of course, the condi-
tion (45) narrows down the frameworks of the
canonic Einstein - aether theory, however, this
restricted model is very illustrative for our pur-
pose.
2. Solutions to the equations for the color vector
fields
Now we can consider the reduced master
equations for the multiplet of vector fields
with the conditions Ai(a)=0 and C1+C2+C3=0.
Clearly, the vectorial quantity Ij(a) (23) van-
ishes, since the following vector is equal to zero:
Un(b)DˆnU
m(b)=q(b)q
(b)Un∇nUm+Umq(b)q˙(b).
(46)
The tensor J ij(a) (22) happens to be propor-
tional to the coupling constant C2:
J ij(a)=C2
{
q(a)
[
gijΘ−∇(iU j)
]
+q˙(a)∆
ij
}
.
(47)
Then we see that 3(N2−1) equations from the
4(N2−1) ones, written in (21) convert into the
trivial identities 0 = 0; only N2−1 equations
for j = 0 have the nontrivial form
q(a)C2
(
a¨
a
+
b¨
b
+
c¨
c
)
= λq(a) . (48)
All these equations are satisfied simultaneously,
if the Lagrange parameter λ(t) is chosen to be
of the form:
λ = C2
(
a¨
a
+
b¨
b
+
c¨
c
)
. (49)
We have to emphasize that in the presented
model the master equations for the multiplet
of vector fields do not impose any restrictions
on the color vector q(a)(t). This means that
we can suggest our version of the model of the
color vector q(a)(t) evolution.
3. Gravity field equations
To explain the details of the structure of
the reduced aether stress-energy tensor (26) we
have to make four preliminary remarks.
1. Using (47) and the relationships
∇i(q(a)Uj) = 1
2
q(a)g˙ij+q˙
aUiUj (50)
we can calculate the scalar
Kijmn(a)(b)DˆiU (a)m DˆjU (b)n =C2
[
Θ2−∇iUj∇iU j
]
=
= 2C2
[
a˙
a
b˙
b
+
a˙
a
c˙
c
+
b˙
b
c˙
c
]
. (51)
2. Since the tensor ∇iUj is symmetric, the
term proportional to C1 in (26) vanishes.
3. Since Uk∇kUj = 0 and q(a)q˙(a) = 0, the
term with C4 in (26) also vanishes.
4. Since J (a)ij = J (a)ij , the last term in (26)
converts into
C2
[
−gpq
(
Θ˙ + Θ2
)
+
1
2
Θg˙pq+U
m∇m(∇pUq)
]
.
(52)
Thus, for the tensor T pq we obtain the formula,
which surprisingly contains neither the color
vector q(a), nor its derivative q˙(a):
T pq =C2
{
−δpq
(
a¨
a
+
b¨
b
+
c¨
c
+
a˙
a
b˙
b
+
a˙
a
c˙
c
+
b˙
b
c˙
c
)
+
8+δp1δ
1
q
(
a¨
a
+
a˙
a
b˙
b
+
a˙
a
c˙
c
)
+δp2δ
2
q
(
b¨
b
+
b˙
b
c˙
c
+
a˙
a
b˙
b
)
+
+δp3δ
3
q
(
c¨
c
+
a˙
a
c˙
c
+
b˙
b
c˙
c
)}
. (53)
Taking into account the term for λ (49), we
can now represent four non-trivial gravity field
equations in the following form:[
a˙
a
b˙
b
+
a˙
a
c˙
c
+
b˙
b
c˙
c
]
(1 + C2) = Λ ,
[
b¨
b
+
c¨
c
+
b˙
b
c˙
c
]
(1 + C2) = Λ ,
[
a¨
a
+
c¨
c
+
a˙
a
c˙
c
]
(1 + C2) = Λ ,
[
b¨
b
+
a¨
a
+
b˙
b
a˙
a
]
(1 + C2) = Λ . (54)
It is the well known system of equations, the
novelty is only in the structure of the constant:
we deal now with the modified cosmological
constant Λ1+C2 instead of Λ. The symmetry
of the equations (54) allows us to find explic-
itly the expansion scalar Θ(t) as the function
of time. Indeed, if we calculate the auxiliary
function Θ˙+Θ2, we obtain
Θ˙ + Θ2 =
a¨
a
+
b¨
b
+
c¨
c
+ 2
[
a˙
a
b˙
b
+
a˙
a
c˙
c
+
b˙
b
c˙
c
]
.
(55)
The appropriate linear combination of the
equations (54) shows that the right-hand side
of (55) is equal to 3Λ1+C2 . In other words, we are
faced with the equation
Θ˙ + Θ2 =
3Λ
1 + C2
, (56)
the solution to which is the following:
Θ(t) = 3H0
{
Θ(t0)+3H0 th[3H0(t−t0)]
Θ(t0) th[3H0(t−t0)]+3H0
}
,
(57)
where the parameter H0 is introduced as
H0 ≡
√
Λ
3(1 + C2)
. (58)
The function Θ(t) starts from the value Θ(t0)
at t = t0 and finishes with the value 3H0 at
t → ∞. When |Θ(t0)| < 3H0, the function
Θ(t) is regular in the interval t0 < t < ∞, and
is monotonic with Θ˙ > 0. When Θ(t0) = 3H0,
the solution is constant, Θ(t) = 3H0.
Also, one can find the explicit formula for the
unit volume in the three-dimensional space
V (t) =
a(t) · b(t) · c(t)
a(t0)b(t0)c(t0)
, (59)
for which V (t0) = 1, and
V˙
V
=
a˙
a
+
b˙
b
+
c˙
c
= Θ(t) = ∇kUk . (60)
Using (57) and (60), we obtain now
V (t) =
Θ(t0)
3H0
sh[3H0(t−t0)]+ch[3H0(t−t0)] .
(61)
Finally, it is clear that the differences of loga-
rithmic derivatives have the form
b˙
b
− a˙
a
=
K1
V (t)
,
c˙
c
− b˙
b
=
K2
V (t)
,
a˙
a
− c˙
c
=
K3
V (t)
,
(62)
where K1, K2, K3 are the integration
constants, which satisfy the condition
K1+K2+K3=0. To make sure, that (62)
take place, we can check, e.g., that due to the
second and third equations from the set (54)
d
dt
(
b˙
b
− a˙
a
)
= −
(
b˙
b
− a˙
a
)
Θ , (63)
and then integrate this equation. Asymptoti-
cally, at V → ∞, the rates of expansion a˙
a
, b˙
b
and c˙
c
coincide, i.e., the Universe tends to be
spatially isotropic.
C. Dynamics of the color vector q(a)(t)
1. Exact solution to the precession equation
According to our scenario, after the phase
transition, when the specific direction Q(a) in
the group space appeared, and the color vector
fields have become parallel, U i(a)=q(a)U
i, the
process of precession of the color vector q(a)
around the color vector Q(a) was started up.
This process can be described by the equation,
9which is the generalization of the Wong equa-
tion for the color charges [32]
UmDˆmq
(a) = F (a) ,
F (a) = ν
[
δ
(a)
(b) − q(a)q(b)
]
Q(b) . (64)
In the Bianchi-I spacetime platform, these
equations can be presented in more detailed
form:
q˙(a) + Gf (a)(b)(c)Q(b)q(c)(UmAm) =
= ν(t)
[
Q(a) − q(a)q(b)Q(b)
]
, (65)
where ν(t) is some function of time. The force-
like term F (a) in (64) is orthogonal to the color
vector q(a): i.e., q(a)F (a)=0. This property of
the force-like term F (a) guaranties that the nor-
malization condition q(a)q
(a) = 1 is supported.
The second term in the left-hand side of the
equation (65) is also orthogonal to the color vec-
tor q(a); it can be eliminated using the so-called
Landau’s gauge condition for the Abelian po-
tential four-vector, U iAi = 0. The equations,
modified correspondingly,
q˙(a) = ν(t)
[
Q(a) − q(a)q(b)Q(b)
]
, (66)
look like the equations of motion of the macro-
scopic particle with unit mass under the in-
fluence of the Stokes-type force in the fluid
flow, characterized by the velocity Q(a). In
order to solve the equation (66) we consider
the scalar product X(t) ≡ q(a)(t)Q(a); since
q(a)(t)q(a)(t) = 1 and Q
(a)Q(a) = 1, the scalar
product X is equal to the cosine of the an-
gle between the vectors q(a) and Q(b) in the
group space. Then we find its derivative X˙ =
Q(a)F (a), and obtain the equation, which is
very famous in the theory of differential equa-
tions:
X˙ = ν(t)(1 −X2) . (67)
This equation admits two special constant
solutions X=±1, which relate to the cases
q(a)(t)=±Q(a), i.e., q(a) and Q(a) are parallel
or anti-parallel, respectively, for arbitrary mo-
ment of the cosmological time. For arbitrary
initial value X(t0) the solution to the equation
(67) is known to be of the following form:
X(t) =
e2T (t)(1 +X(t0)) − (1−X(t0))
e2T (t)(1 +X(t0)) + (1−X(t0))
,
T (t) ≡
∫ t
t0
dτν(τ) . (68)
Returning to the equation (66) rewritten in the
form
dq(a)
dT
= Q(a) − q(a)X(T ) , (69)
we readily find the solution
q(a)(t) =
q(a)(t0)
[chT +X(t0)shT ]
+
+Q(a)
[shT +X(t0) (chT − 1)]
[chT +X(t0)shT ]
. (70)
For illustration, it is convenient to consider the
case withX(t0)=0; it corresponds to the config-
uration with initially orthogonal color vectors
q(a)(t0) and Q
(a); now we obtain
X(t) = thT ,
q(a)(t) =
q(a)(t0)
chT
+Q(a)thT , (71)
H(a)(b)(t) =
H(a)(b)(t0)
ch2T
+Q(a)Q(b)th2T+
+
[
Q(a)q(b)(t0) +Q
(b)q(a)(t0)
] shT
ch2T
. (72)
Asymptotically, at T → ∞ we obtain q(a) →
Q(a). In other words, during the evolution pro-
cess the color vector q(a) forgets its initial value
q(a)(t0) and is forced to be lined up along the
direction Q(a). The question arises: what is the
rate of asymptotic parallelization of the vectors
q(a) and Q(d). Clearly, this process is predeter-
mined by the properties of the function ν(t); let
us consider an example of its modeling.
2. Model function ν(t)
For the modeling of the function ν(t) we use
the following construction:
ν(t) = 2γT∗Θ(t)
V 2
[V 2∗ − V 2(t)]1+γ
, (73)
and calculate the function T (t) (68):
T (t) = T∗
{
1
[V 2∗ −V 2(t)]γ
− 1
[V 2∗ −1]γ
}
. (74)
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Here T∗ and γ are positive parameters. Let us
make three remarks concerning this formula.
1. When the function V (t) grows, it reaches
the value V∗, so, at the finite moment of the cos-
mological time t = t∗ the function T (t) reaches
infinity, T (t∗)=∞.
2. According to (70), at T (t∗) =∞ the color
vector q(a)(t∗) coincides with Q
(a), i.e., the pro-
cess of their parallelization finished during the
finite time interval.
3. At the moment t = t∗ the derivative of the
color vector q(a) takes zero value, q˙(a)(t∗) = 0.
In order to illustrate the last statement, we
calculate the derivative of the function q(a)(t)
presented in (71) for the case X(t0) = 0:
q˙(a)(t) =
ν(t)
chT
[
Q(a)
chT
− q(a)(t0)thT
]
. (75)
For big values of the function T one can use the
following replacement (compare (73) and (74)):
ν(t)→ 2γT−
1
γ
∗ ΘV
2(t∗)T
1+ 1
γ , (76)
where Θ (57) is the regular finite function.
Since for arbitrary α the limit limT→∞
[
Tα
chT
]
is equal to zero, we can confirm the condition
q˙(a)(t∗)=0. The critical time moment t∗, for
which V (t∗)=V∗ can be found as
3H0(t∗ − t0) = (77)
= ln
{
3H0V∗
3H0+Θ(t0)
[
1+
√
1+
Θ2(t0)−9H20
9H20V
2
∗
]}
.
One can check that t∗ > t0, when V∗ > 1.
For the special case, when 3H0=Θ(t0)=Θ(t),
we obtain t∗ = t0+
1
3H0
lnV∗.
3. Model threshold function Ω
Let us consider now the function Ω intro-
duced by (16) and (15), the value of which in-
dicates the nearness of the event of the sponta-
neous color polarization. We have now that
Ω(a) = q˙(a)+q(a)Θ , Ω2 = q˙(a)q˙(a)+Θ
2 , (78)
thus, for the illustrative function (71) we obtain
Ω =
√
ν2
ch2T
+Θ2 . (79)
Taking into account (73) and (74), we finally
reconstruct the function Ω as
Ω = Θ
√√√√
1+
4γ2T 2∗V
4
ch2T
[
T
T∗
+
1
(V 2∗ −1)γ
] 2(1+γ)
γ
.
(80)
Near the critical point t = t∗, when T → ∞,
the threshold function Ω behaves as the expan-
sion scalar Θ, i.e., the summarized rate of the
Universe expansion Θ = a˙
a
+ b˙
b
+ c˙
c
predeter-
mines the rate of the onset of the spontaneous
color polarization.
IV. DISCUSSION AND CONCLUSION
We share the point of view of many cosmol-
ogists, that a plethora of fields and particles
in the early hot Universe were lost, destroyed
or transformed as a result of a series of phase
transitions; now we observe a limited number of
fundamental fields and stable elementary par-
ticles. Our goal is to reconstruct the history of
emergence of the cosmic substratum indicated
as dynamic aether; to be more precise, we are
interested to establish a model of formation of
the unit timelike vector field as a splinter of the
family of vector fields from the SU(N) symmet-
ric multiplet. Our phenomenological model is
based on three elements.
1) The first element of the model is the pro-
cedure of the spontaneous polarization of the
SU(N) multiplet of vector fields. This proce-
dure is described in terms of critical behavior
of the eigenvalues of the color polarization ten-
sor (see (28), (32) and (33)). When the Uni-
verse expands, and the scalar Ω reaches the
critical value Ω∗{α}, the corresponding eigen-
value with the serial number α vanishes. When
Ω > max
{
Ω∗{α}
}
, we obtain the situation with
only one non-vanishing eigenvalue; this last
eigenvalue is equal to one, since the trace of
the polarization tensor is unit. Based on the
analogy with optics, we have to state now, that
we deal with linearly polarized system, i.e., the
color polarization took place. Mathematically,
this procedure means that all the vectors from
the SU(N) symmetric multiplet have become
parallel in the group space to one vector U i,
namely, U i(a) = q(a)U
i.
2) The second element of the model is the
mechanism of precession of the color vector q(a)
around the constant color vectorQ(a) formed in
course of parallelization of the Yang-Mills po-
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tential A
(a)
i → Q(a)Ai. Evolution of the color
vector q(a) was described by the equation of
the Wong type (64); the exact solution to this
equation is presented in (70). Asymptotically,
q(a)(t) tends to the constant Q(a), and the sys-
tem as a whole becomes quasi-Abelian, since all
the structure constants f(a)(b)(c) fall out from
the basic formulas.
3) The third element of the model is the cal-
culation of the rate of the precession of the color
vector q(a). We have chosen the guiding func-
tion ν(t) in (65) in the critical form (73) pro-
viding the process of parallelization of q(a) and
Q(a) to be finished during the finite time inter-
val (see (74) and (70)).
The conclusion of our study is the following:
the aether velocity four-vector can be consid-
ered as a rudiment, which remained after the
spontaneous color polarization accompanying
the phase transition in the early Universe.
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